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Abstract. In this paper we show that certain Shimura varieties, uniformized by 
the product of complex unit balls, can be p-adically uniformized by the product 
(of equivariant coverings) of Drinfeld upper half-spaces and their equivariant cov- 
erings. We also extend a p-adic uniformization to automorphic vector bundles. It 
is a continuation of our previous work Q and contains all cases (up to a central 
modification) of a uniformization by known p-adic symmetric spaces. The idea 
of the proof is to show that an arithmetic quotient of the product of Drinfeld 
upper half-spaces cannot be anything else than a certain unitary Shimura variety. 
Moreover, we show that difficult theorems of Yau and Kottwitz appearing in ||v| 
may be avoided. 



1. Introduction 

Let M be a Hermitian symmetric domain (=Hermitian symmetric space of non- 
compact type), and let A be a torsion- free cocompact lattice in Aut(M). Then the 
quotient A\M is a complex manifold, which has a unique structure of a complex 
projective variety Ia (see |Sha, Ch. IX, §3]). A well-known theorem says that when 



A is an arithmetic congruence subgroup, the Shimura variety Ia has a canonical 



structure over some number field E (see for example [[Mil] , II, Thm. 5.5]). 

Let w be a prime of E. We are interested in a question whether can be 
p-adically (or more precisely f-adically) uniformized. By this we mean that the Ey- 
analytic space (Ya ®_b Ey)"-"" is isomorphic to A\f2 for some Ey-analjtic symmetric 
space Q and some arithmetic group A, acting on Q discretely. In the cases where a 
p-adic uniformization exists we are interested in the relation between M and Q, A 
and r. 

The main obstacle for attacking such a general problem is that there is no general 
definition of a p-adic symmetric space. The only p-adic analytic spaces which are 
generally called "symmetric" can be described as follows. For a p-adic field L and 
a natural number > 2 let be the open analytic subspace of P^~^ obtained by 
removing the union of all L-rational hyperplanes. 
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Q'l is called {d— l)-dimensional Drinfeld upper half-space over L and has a lot of 
good properties. For example, it is a generic fiber of some explicitly constructed reg- 
ular formal scheme Q'l, flat over the ring of integers Ol of L. Moreover, the natural 
L-rational action of PGLd(-L) on fl'l extends to an O^-rational action on Q'l (see 
Musf or [ [Ku|| ). Both Q'l and Qf^ are closely connected with the Bruhat-Tits building 



of SLd(iv) (see [|Mus|| and jBej ), and PGLd(i^) is the group of all automorphisms of 
Q'l over Ol (see ||Mus| , Prop. 4.2]) and of Q'l over L (see ||Be|| ). Furthermore, Drin- 



feld constructed a projective system of GLd(L)-equivariant finite etale 

Galois coverings of f2^®L-Z^"'^, where L"'' is the completion of the maximal unrami- 
fied extension of L (see |Pr2|| or 0, 1.4.1]). (For simplicity of notation we introduce 



a pro-analytic space := limS^'", which was written as in the notation 

n 

of 0, Def. 1.3.3-1.3.5]). 

But the most important for us property of Q'l is that for each torsion-free co- 
compact lattice r C PGLd(-L) the quotient r\f2^ exists and has a unique structure 
of a smooth projective variety X-p over L. Moreover, Xp satisfies the Hirzebruch 
proportionality principle, and its canonical divisor is ample (see Lemma |2]^ and 
Proposition [A.l| for a generalization for products). These and some other properties 
of the f2^'s (and of the S^'s) enable us to call them "symmetric spaces". 

Since there are essentially no other known examples of p-adic analytic spaces 
having analogous properties, especially the algebraization property of the quotients 
(compare ||PV| , Thm 4.8]), we have to restrict ourself to Shimura varieties, p-adically 
uniformized by the products of (the equivariant coverings of) Drinfeld upper half- 
spaces. This enables us to obtain some arithmetic information about these Shimura 
varieties such as a description of their reduction modulo p. (To be more precise 
the symmetric spaces of [[PVI , Thm 4.8] include also some equivariant projective 
bundles over Drinfeld upper half-spaces. However our Second Main Theorem implies 
that these spaces p-adically uniformize the corresponding projective bundles over 
Shimura varieties.) 

For the proof of a p-adic uniformization there are two completely different meth- 
ods. The first one, due to Cherednik ||Ch |, is based on Ihara's method of elliptic 
elements. Cherednik treated the case of a uniformization by the fi^'s of Shimura 
curves associated to adjoint groups. 

The second method, due to Drinfeld [Pr2|| (explained in more detail in ||BQ| ), is 
based on constructing moduli problems whose solution are simultaneously Shimura 
variety and a p-adically uniformized variety. Drinfeld treated the case of a uni- 
formization by the S^'s, but only for Shimura curves defined over Q. Later Rapoport 
and Zink developed Drinfeld's method (see ||RZ1| , [Ra|| ), and their recent work [[RZ2| 



P-ADIC UNIFORMIZATION II 



3 



treats the case of a uniformization by the products of the f2^'s (and of the S^'s). 
We also would like to mention the work of Boutot and Zink ||BZ|| , where they deduce 
the uniformization for curves from [p^Z2|| (compare Section 5). 



Generalizing Cherednik's method, the author treated in his thesis the case 
of Shimura varieties, uniformized by (the equivariant coverings of) Drinfeld upper 
half-spaces. Moreover, the result was extended to the case of automorphic vector 
bundles and standard principal bundles. 

As was indicated in the introduction of [|V[], our method carries to the case of 
products. We do this here, and we also show that the use in |V[] of the classification 
of algebraic groups and of difficult theorems of Kottwitz and Yau was unnecessary. 
The main new idea of the proof in comparison to that of []V| is to work not just 
with a Shimura variety but with a triple consisting of a Shimura variety, a standard 
principal bundle with a flat connection over it, and an equivariant map from the 
standard principal bundle to the corresponding Grassmann variety. 

For the convenience of the reader we now compare the results of this paper with 
those of [ EIZ2 ]. Note first that our Shimura varieties differ from those of ||RZ2|] by 



some abelian twist (see Remark |3.13| ). The Shimura varieties treated by [[RZ2|| are 
moduli varieties of abelian varieties with some additional structure, whereas our 
choice enabled us to write the p-adic uniformization in a simpler form (without 
the twist appearing in ||RZ2| , Prop. 6.49]). Moreover, our Shimura varieties have 
weight defined over Q (the trivial one), therefore they are moduli varieties of abelian 
motives (see ||Mi4 , Thm. 3.3.1]) and have some other advantages (see for example 



MiTj III, §8]). 

Our result is almost identical to (the twist of) that of |[EIZ2|| , but a more techni- 



cally involved modular approach of Rapoport and Zink requires them to make some 
unnecessary assumptions (see |[RZ2| , 6.38]), while our group-theoretic method ap- 
plies without any difference to the general case. We should mention that our proof 
also makes an indirect use of the moduli theory of p-divisible groups, since this is 
the only known approach allowing to construct the S^'s. However, for most of the 
applications one is only interested in Shimura varieties, which are maximal at p, 
and these Shimura varieties are p-adically uniformized by the maximal unramified 
extension of scalars of the product of the fif,'s, whose construction is completely 
elementary. 

The paper is organized as follows. In the second and the third sections we for- 
mulate and prove our main results respectively. As an application we find an alge- 
braic connection between Drinfeld upper half-spaces and the complex unit balls. In 
the fourth section we give an alternative more direct approach to the differential- 
geometric part of the proof, which uses Yau's theorem on the existence and the 
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uniqueness of the K abler- Einstein metric. In the fifth section we deduce the ana- 
log of our Main Theorems for quaternion Shimura varieties from the unitary case. 
In the last section we show that the Shimura varieties treated in this paper are the 
most general ones (up to a central modification) which can be p-adically uniformized 
by the product of Drinfeld upper half-spaces. The appendix treats the Hirzebruch 
proportionality principle for quotients of the products of Drinfeld upper half-spaces. 
It is a generalization of |P:<.u| , Thm. 2.2.8]. 

Notation and conventions 

1) For a group G let Z{G) be the center of G, and let PC := G/Z{G) be the 
adjoint group of G. 

2) For a Lie group G let be its connected component of the identity. 

3) For a totally disconnected topological group E let J-'{E) be the set of all 
compact and open subgroups of and let E'^^'^'^ be the group E with the discrete 
topology. 

4) For a subgroup A of a topological group G let A be the closure of A in G. 

5) For an element of a group G let \mi{g) be the inner automorphism of G by 

9- 

6) For a natural number n let J„ be the n x n identity matrix, and let 5" C C"" 
be the ra-dimensional complex unit ball. 

7) For an analytic space or a scheme X let T{X) be the tangent bundle on X. 

8) For a vector bundle V on X and a point x G X let be the fiber of V over x. 

9) For an algebra D let D"^^ be the opposite algebra of D. 

10) For a number field F and a finite set N of finite primes of F let Ap be the 
ring of finite adeles of F, and let Ap^ be the ring of finite adeles of F without the 
components from N. 

11) For a field extension K/F let Rx/f be the functor of the restriction of scalars 
from K to F. 

12) For a scheme X over a field K and a field extension L of K we will write Xl 
or X ®K L instead of X XspecX SpecL. 

13) For a complex analytic space M let Aut(M) be the topological group of 
holomorphic automorphisms equipped with the compact-open topology. 

14) For an analytic space X over a complete non-archimedean field K and a 
complete non-archimedean field extension L of K let X®kL be the image of X 
under the ground field extension functor from K to L. (The completion sign will be 
omitted in the case of a finite extension). 

15) By a p-adic field we mean a finite field extension of Qp for some prime number 

p. 
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16) By a p-adic analytic space we mean an analytic space over a p-adic field in 
the sense of Berkovich. 

17) For a vareity X over afield of complex numbers or over a p-adic field let X"^" 
the the corresponding complex or p-adic analytic space. 
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2. Statement of the results 

2.1. Let -F be a totally real number field of degree g over Q, let i^' be a totally 
imaginary quadratic extension F, and let ooi, oog be the archimedean completions 
of F. Let d > 2 and 1 < r < g he natural numbers. Let D*"* be a central simple 
algebra over K of dimension with an involution of the second kind a*"* over F. 
We will make the following assumptions: 

i) a*"* has signature {d — 1, 1) at ooi, oOr] 

ii) a**^* is positive definite at oo^+i, oOg. 

Let G'"* := GU(D*'^*, a*"*) be the algebraic group over F of unitary similitudes 
characterized by G'"*(i?) = {d e {D^''^®fRY \ d-a'''\d) e R""} for each F-algebra 
R. 

2.2. Set H'"* := R^/qG'"*. For each i = 1, ...,g fix an embedding : K ^ C, 
extending oOi : F M. Then ooi, ...,o6g define an identification of H'"*(]R) with 
GUd-i,i(M)'" X GUd(M)^~'' C GLd(C)^, which is unique up to an inner automor- 
phism. 

Define a homomorphism h : Rc/RGm H'"*k by requiring for each z E 
h{z) = (diag(l, 1, z/z)-^- diag(l, 1, z/z)'^- J,; h) G GUd-i,i(M)'^xGUd(M)^- 

-r g-r 

(compare Remark |3.13| ). Let M*"* be the H'"*(M)-conjugacy class of h. Then M*"'* 
is isomorphic to {B'^^^Y := B'^^^ x ... x B'^^^^ \{ d > 2 and to f)'' := f) x ... x [), 
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where f) = C \ M, if c? = 2. In particular, each connected component of M*"* is 
isomorphic to [B'^^^y. Notice that the pair (H'"*, M*"*) satisfies Deligne's axioms 
|D?1| , 1.5 and 2.1] or piTj II, 2.1]). 



see 



2.3. Let X*"-* be the canonical model of the Shimura variety corresponding to 
[H'"*, M*"*). (For the definition of the canonical model we take that of ||Mi3|| , which 



has a different sign convention from those of |Pe2|| and [[Mil|] (see the discussion in 



1MI3| , 1.10], [0, Rem. 3.1.13] and Step 4 of Section 3). Then X'""^ is a scheme oyer 
the reflex field E C C of (H'"*,M^"*). Moreover, the group G'"*(A]^) acts on X™* 
in such a way that for each S G J^(G'"*(A^)) the quotient ^\X™* is a projective 

scheme over E and X*"* = lim SyX*"*. 

s 

Set PG'"*(F)+ := PG'"*jF)nPG'"*(F®QM)0 andjvrite PGUd-i,i(M)+ instead 
of PGUd-i,i(K)°. Then (X^"*)''", defined as lim (^\X*."*)"", is isomorphic to 



[{B'^-^Y X (G'"*(A];)/Z(Gi"t)(F))'^^^^]/PG'"*(F)+, 

where {x,g)-f = {-f-^x,g-f) for all x e {B'^-^)\ g e G'"*(A]^) and 7 G PG'"*(F) + . 
Moreover, the action of G'"*(A]^) on X*"* corresponds by this isomorphism to left 
multiplication on the second factor. 

Observe that for each 5* G jF(G'"*(A;|j,)) the analytic space (S'\Xc"*)"" is a finite 
disjoint union of quotients of the form AaSa-^\{B'^~^Y for some a G G'"*(A;^), 
where by A^^^-i C Aut((B'^-^)^)° = PGUd-i,i(ffi)+ we denote the projection of 
G'"*(F)+ n {aSa~^). Then each AaSa-^ is a cocompact lattice (torsion-free if S is 
sufficiently small), hence each geometrically connected component of S'\X*"* is of 
the form described in the introduction. 



2.4. The number field E G C can be described as follows (compare 0, 3.1.1 and 
Prop. 3.1.3]). Let Kq C Che the composite of the fields o6i{K), ...,oOr{K). Set 

S := {a G Aut(Ko/Q) |Vi = l,..,r3a(z) G {l,..,r} : a(55i{k)) =^^(^i){k)yk G K}. 

Then E is the subfield of Kq, fixed elementwise by S. In particular, the extension 
Kq/E is Galois with a Galois group S. 

2.5. Let w be a finite prime of E. Set X*"* := X*"* E^. In this paper we are 
going to show that under certain assumptions X*"* admits a p-adic uniformization. 

Let p be the restriction of v to Q. Then the completion of the algebraic closure 
of E^ is Cp. Choose a field isomorphism C — >• Cp, extending the natural embedding 
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E ^ ^ Cp. From now on we identify C with Cp by means of this isomorphism. 
In particular, we will view Ey as a subfield of C. 

For each i = 1, r the embedding ooj : K C corresponds to an embedding : 
K ^ Cp, which extends to a continuous embedding ctj : K^^ ^ Cp for some prime 
Wi of K, lying over p. Since the group Gal{Ko/E) preserves the set {ooi, ...,00,.}, 
the set {wi, ...,Wr} does not depend on the isomorphism C ^ Cp. Let be the 
restriction of Wi to F. To the assumptions made in |2?^ we add the following: 

iii) the fj's are distinct; 

iv) the fj's split in K; 

(Notice that these two conditions are satisfied automatically if p splits completely 
in Ko) 

v) the Brauer invariant of each D*"* (8>x K^^ is 1/d. 

Lemma 2.6. E^ C Cp is the composite field of the ai{Kw.) 's, i = 1, ...,r. 

Proof. By the definitions, the closure of the image Ko C Cp coincides with 
the composite field of all the ai{K^-)^s. Therefore we have to show that v splits 
completely in Kq. For this it is sufficient to show that if a G S = Geil{Ko/E) acts 
continuously on Kq C Cp, then cr = 1. Such a a induces a continuous isomorphism 
ai{K) ^ a„(^i-){K) for each i = I, .., r. By the definition this implies that Wa-{i) = Wi. 
Hence, by our assumption, a{i) = i, so that a induces the identity on each oOi{K). 
Therefore a acts trivially on the composite field Kq. □ 

Now we are going to describe the p-adic uniformization of X*"-*. 

2.7. Let D be a central simple algebra over K of dimension d"^ with an involution 
of the second kind a over F satisfying the following conditions: 

vi) the pairs {D, a) and (D'"*, a'"*) are locally isomorphic at all finite places of 
F, except at vi, ...,Vr; 

vii) D splits at wi, ...,Wr; 

viii) a is positive definite at all the archimedean places of F. 

The existence of such D and a follows from the results of Kottwitz and Clozel 
(see ig, §2]) as in 0, Prop. 2.3]. 

Set G := G\J{D,a), and for each i = l,...,r fix a central skew field D^. 
over of Brauer invariant 1/d. Set also Q' := 111=1 -^i!^ ^ G{Ap'"^'"'''"'') and 
Q := 111=1 ^ S'- Then for each i = 1, ...,r the pair consisting of an algebra iso- 
morphism D ®K yiaXd{Kw^) (resp. D*"'* ®k -D«,J and the similitude 
homomorphism G(Ft,J —>■ F^_ (resp. G'"*(Ft,J F^) gives us an isomorphism 

G(F,J ^ GLd(ir^J X FJ^ (resp. G'"*(F,J ^ x Using in addition an 
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algebra isomorphism (-D, a) ®f Ap'"^''"'^'' ^ a*"*) Ap'"^''"''"'' we obtain iso- 

morphisms G(A]^) ni=iGLd(i^^J X g' and G'"*(AJ) ^. Abusing notation, 
we will sometimes write these isomorphisms as equalities. 

For each S G J-'{Q') and each G N U {0} consider a double quotient 

r 
i=l 

(see [|V|, 1.3.1 and 1.4.1] for our sign convention, which is different from that of 
Drinfeld) . 

Proposition 2.8. Each Xs „ has a canonical structure of an Ey-analytic space and 
of a projective scheme Xs,n over E^ . 

Proof The proof will follow closely that of 0, Prop. 1.5.2]. Set Zs = Z{G){F)nS. 
Then the group Zs is a subgroup of F^ , which projects to a subgroup of finite index 
in UliiE^/Ol) = V. Since each k G K^^ = Z{GL^{K^J) acts on Q^^^k^K:^: 
by the action of the Frobenius automorphism in the power d ■ val(A;) on the second 
factor, the quotient Zs\ UU i^L^ ^^^D is of the form [iLi (^^L^ ®k^, 

Kwi) ®Knn Ey for some finite unramified extensions K^j-^s of fT^.'s. Hence this 
quotient is finite over the ii^t,-analytic space YYi=i ^Kn, ®K^i Ev By the formal 
arguments of 0, Prop. 1.5.2] the following lemma completes the proof □ 

Lemma 2.9. Let L be a p-adic field, let Li, Lr be p-adic sub fields of L, let d > 2 
be a natural number, and let T be a torsion-free cocompact lattice in YYi=i PGLd(-Li). 
Then 

a) the action ofT on 111=1 ®l,L is discrete and free; 

b) the quotient r\ 111=1 ®l,L exists and has a unique structure of a smooth 
projective variety over L, whose canonical bundle is ample. 

Proof. GAGA results imply the uniqueness in b). Rest of the proof follows from 
the arguments of P4 Lem. 6] and |[Mu^ , App. 1], working without change in our 



situation. □ 
2.10. Set X = limXs^^. Then, as in 0, Con. 1.5.1], the group Q acts on X in 

such a way that for each T G J-'iQ) the quotient T\X is a projective scheme over E^ 
and X = limT\X. Moreover, for each sufficiently small T G J^{G) the projection 

T 

X — > T\X is etale, and the quotient T\X is smooth. 
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Remark 2.11. Since the natural projections (Xsj^^m)"'"' (-^52,n2)'*" etale for 
all 5*1 C 52 sufficiently small and all rii > n2, we can define, as in 0, Prop. 1.5.3 
f)], a pro-analytic space X"" := limX^'^. Then the natural ^-equivariant map 

V '■ [111=1 ^ {G')'^'''"']/G{F) — > X"" of pro-analytic spaces over Eu is 

etale and surjective. 

Remark 2.12. The proof of Proposition |2.8| (and that of 0, Prop. 1.5.2]) implies 
that for each sufficiently small T G J^{G)i each connected component of {T\XY'^ 
is a finite etale cover of an analytic space of the form r\ 111=1 ^ir^,- for 
some irreducible arithmetic torsion-free cocompact lattice F C YYi=i^G^A{.K^.). 
In particular, the canonical bundle of such an T\X is ample. 

First Main Theorem 2.13. There exists an isomorphism ip : X jj^^nt commut- 
ing with the action of the group 

Now we describe the p-adic uniformization of certain automorphic vector bundles 
and a certain principal bundle. 

2.14. Let P*"* be the canonical model of the standard PH'"*-principal bundle over 
X*"* (see |Mil], Thm. 4.3]). We have 

^piptyn ^ [(^d-lyr ^ (pHi^t^)"" X (G'"*(Aj;)/Z(G'"t) (F))'^^''=]/PG'"*(F) + , 

where PG'"*(F)+ acts on (PH'^V)"" = (PG'^V^sqc)"" by right muhiplication. 
Then P^"* has a natural ^-invariant fiat connection W^^ (see [0, 1.9.15-1.9.19] for 
the definitions) such that the restriction of (T^^'^*)"" to (B'^-^Y x (PH'^V)"" x {1} 
is trivial, that is consists of vectors, tangent to {B'^~^Y (compare the proof of |[V|, 
Prop. 4.4.2]). Furthermore, P*"* is the only PH^* x ^-equivariant model of P^"*, to 

which 7i*"* descends (see for example [0, 4.7]). Denote the descent of W"'^ to P*"* 
by W'^K 

Let M*"* be the Grassmann variety corresponding to the pair (H'"*, M*"*) (see 
| [Mil| , III, §1]). It is a homogeneous space for the group PH^*, satisfying = 

Let ■■ {B^-^Y ^ ((Pc~^)0"" be the natural (Borel) embedding, and let p'""^ ^ 
P^J^ M^Ey be the natural PH^* x ^-equivariant map (for the trivial action of Q 
on M'jI^) defined by (p^"*)""[x, /i, ^] = /i(/3r(x)) for all x G {B'^-^Y, h G (PH'^V)"" 
and ^ G ^ (see @, 4.3.2 and 4.3.4]). 

Let ly*"* be a PH^*-equivariant vector bundle on Mf^*, and let V'""^ = ^^"^(ly*"*) 
be the canonical model of the automorphic vector bundle on X*"* corresponding to 
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^rint_ rpj^g^ {yi,ntYn ^ [^*(p^mt)an ^ (Q^"* (A^^) /Z (G'"*) (F) /PG'"* and 

yint ^ PH^ty(^^mt)*(^y^ini^ (^ggg [pTT| , HI, Prop. 3.5 and Thm. 5.1]). 

We now describe the corresponding objects on the p-adic side. 
2.15. Set H := R^/qG. Then for some group H over we have natural isomor- 
phisms PHe, = (PGLd)^ X H and PHg"* = HLi PGLiI^^Je. x H, where the 

first r factors correspond to the natural embeddings F > F^,. > E^. Let PHe^ 
acts on (P^~^)'' by the natural action of the first r factors and the trivial action of 
the last one. ^ 

Let TT G -Et, be a uniformizer, and let 11 be an element of GLd(-E^) satisfying 
n'' = vr. For each 2 = 1, ...,r set di := [E^ : Finally, denote the projection 

of (ff'^i, ...,n^' ) to PGLd(F^)" by n', and set H := (H', 1) e PGLd(F^)'' x H(F^) ^ 
PH(£'^). Let E^'''"' be the unramified field extension of E^ of degree d. Since the 
Brauer invariant of each D^. ^Xyj. is di/d (see ||(J1''| , Ch. VI, Sec. 1, Thm. 3]), 
the group PH^* is isomorphic to the quotient of PHe^ E^'^^ by the equivalence 

relation Fr(x) ~ n~^xn, where Fr G Gal(i?^'^^/F„) is the Frobenius automorphism. 

For an F^-scheme Y with an F^-rational action of the group PHe^ define a twist 
ytw ._ ^■pr{x) ~ U-^x)\Y Ei'^\ Then Y Ei'^^ ^ Y*"" E^f^, and the 
natural action of PH^* on F*'" is F^-rational. Using the definition of the twist, we 
see that M|^* = ((P^"^)'')*"' and that there exists a unique PHE^-equivariant vector 
bundle W on (P^;i)""such that ^ W'^'K 

Let f3, : n:=i ®K^^ E, ^ [ILi ®k^^ E, ^ ((P|:Y)"" be the natural 
map. As in 0, 4.1.2-4.1.3 and 4.2.2-4.2.3], we construct a ^-equivariant vector 
bundle V = V{W) on X and a ^-equivariant PHe -principal bundle P over X such 
that {S\Vr = S\mW) X g']/G{F) and (S\P)- - ^VinLi^l^ E, x 

(PHeJ"" X ^']/G(F) for each 5 G J^(^). Of TOurse V and P are unique. P also has 
(as in the proof of |]V|, Prop. 4.4.2]) a natural ^-invariant flat connection Ti. As in |V], 
Prop. 4.3.2], there exists a PHe^ x ^-equivariant morphism p : P ^ (P^"^)'", defined 
by p'^'^[x,/i,(7] = KPM) for each x G 111=1^1^ ^ ^ (PHeJ'^" and 

(7 G Q' . By the construction, is naturally isomorphic to the quotient PHE^\p*(Vr). 

Second Main Theorem 2.16. a) Any isomorphism ip : X ^ j^mt j^^,^ ^/^g Firsi 
Mam Theorem lifts to a Q-equivariant isomorphism (pv • ^ ~^ c)/ automorphic 
vector bundles. ^ 

b) Any ip as in a) lifts to a Q-equivariant isomorphism ifp : P*™ ^ P'"** o/ 
'P'i¥^^ -principal bundles, which maps Ti*"' and p*"" to 7i™* anc? p*"* respectively. 
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Remark 2.17. The observations made above show that a) is an immediate conse- 
quence of b). 

The analogs of the Main Theorems for quaternion Shimura varieties will be given 
in Section 5. 

3. Proof of the Main Theorems 

Step 1. Exactly by the same arguments as in the proof of [0, Prop. 1.5.3 and 
1.6.1] we show that there exists an inverse limit of {{S\Xc)"'"'} g^y^^-j in the category 

of complex analytic spaces, which we denote by (Xc)"". Moreover, the group Q acts 
transitively on the set of connected components of (Xc)*^", and Qq := Z(G'"*)(-F) is 
the kernel of the action of the group g = G'"*(A^) on X. Set Q := G/Go. 

Let M be a connected component of (Xc)"", and let A be the stabilizer of M in 
g. Then ^ is naturally embedded into Aut(M) x Q, and (Xc)^ = [M x g'^'"']/A. 
Let TT : M — i> M be the universal cover of M, let A C Aut(M) be the set of all 
automorphisms of M which lift some automorphism from A C Aut(M), and let 
TT : A ^ A be the natural projection. Then (Xc)"" = [M x g'^'"']/A, where A acts 
on g though vf. 

As in [0, 4.4.1], the ^-equivariant PHE^-principal bundle P over X with a flat 
connection H define a (PHc)°"-principal bundle (Pc)"" over (Xc)''" = [Mx^'^^^^]/A 
with a flat connection (7^c)""• Therefore p : P ^ i^tl^Y defines the PH(C) x ^- 
equivariant map (pc)""" '■ (Pc)""^ ((P^"^)'")'^"'. Since M is simply connected, we 
show, as in |V|, Prop. 4.4.2], that there exists a homomorphism j : A — PH(C) and 
a PH(C) x^^-equivariant isomorphism (Pc)"" = [M x (PHc)"" x g'^^'^]/A over X, 
where 5 G A acts on the second factor by right multiplication by Furthermore, 
(?ic)°" corresponds then to the natural ^-invariant fiat connection on the right hand 
side. _ _ _ 

Let po be the pull-back of (pc)"" to Mx {1} x {1} ^ M, and let i : A Aut(M) x 
PH(C) X ^ be the product of the natural embedding, of j and of tt : A ^ A C ^. 
It follows that to prove the complex versions of our Main Theorems it will suffice 
to show (see 0, Lem. 2.2.6 and Rem^ 4.4.4]) that M = M = {B'^'^Y, that 
Po is the Borel embedding, that A = A = PG'"*(P) + , and that i is conjugate 
to the diagonal embedding of PG^"*(P)+ into HLi PG^"*(PooJ° x PH^"*(C) x 
(G'"*(A]^)/Z(G'"t)(P)) (for the last property we identify M with {B'^-^Y and A 
with PG'"*(P)+). 

Step 2. This differential-geometric part of the proof significantly differs from the 
case of one factor, treated in 0. The method we use here is very similar to (but 
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was obtained mostly independently of) that of |[NR|| . Another method will be shown 
in the next section. 

By the definition, p induces isomorphisms {'Hcp)x '^p{x)i'^Cp^Y for all x E P. 
Therefore po induces isomorphisms between Tx{M) and Tpf^(^x){{^t^^Y)°'^ for all x G 
M. It follows that Po is a local isomorphism and that po(M) is an open analytic 
subspace of ((P^"^)'")"". Furthermore, since (pc)"" is PH(C) x ^-equivariant, we 
have po{5x) = j{S)po{x) for all 5 G A and x G M. In particular, each j{6) induces 
an automorphism of po(M). 

Let j' be the composition of j : A ^ PH(C) = PGLd(C)^ with the projection to 
the product of the first r factors (corresponding to the embeddings ooi, oo^ of F 
into M). Then the local isomorphism po is j'-equivariant. Denote by J the closure 
of A in Aut(M). 

Lemma 3.1. j' can be extended to a continuous homomorphism cj) : J PGLd(C)'', 

and the map po is (p-equivariant. 

Proof. Choose a g E J and a subsequence {5„}„ C A, converging to g. Then for all 
xi,X2 G M the equality po{xi) = po{x2) implies that 

Po{g{xi)) = limpo(5„(a;i)) = lim j'(5„)po(a;i) = lim j'(5„)po(x2) = limpo(5„(a;2)) = po{g{x2))- 

n n n n 

Hence the map (t)o{g) : Po{x) t-^ po{g{x)) is a well-defined map of po(^) into itself. 
Moreover, since po is a local isomorphism, the constructed map g ^ 4'o{g) is a 
continuous homomorphism from J to Aut(po(M)), extending j'. 

Denote the stabilizer of po{M) in PGLd(C)'" by G. Then G, being the stabilizer 
of the closed subset ((P^-^)^''" \ po(M) of ((P^"^)'')"", is a closed subgroup of 
PGLd(C)'' = Aut((P^-^)'')"". By the identity theorem (see Q Vol. I, A, Thm.3]), 
the restriction homomorphism res : G Aut(po(M)) is injective. Moreover, it 
induces a homeomorphism between G and res{G) C Aut(po(M)). In particular, the 
induced topology on res(G) is locally compact. Hence res{G) is a closed subgroup of 
Aut(po(M)) (see [ [Shi| , Prop. 1.4]). Therefore 4>o{J) C res{G), and (f) := res~^ o 0o : 
J ^ G G PGLd(C)'' is the required homomorphism. □ 

Our aim is to obtain more information about J and 0. First we show, as 
in the proof of |V|, Prop. 1.5.3 d), f) and 1.3.8 a)], that the quotient X' : = 
(ni=i Dm ■ exists, that the projection X X' is etale, and that (X')"" = 

[111=1^x1^ ®K^, Ev X (P^')'^''1/PG(F). As in |V], 4.2.2-4.2.3], there exists a 
unique PHE^-principal bundle P' over X', satisfying (p')"^"- ^ [HLi ^icn, ®k^- Ev x 
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Iev)"" X {PQ'Y''^]/PG{F). Then P' = (HLi " Z{g))\P, hence (P^)"" ^ 
[M X (PHc)''" X {PgY'''']/A and (X(,)"^= [M x (P^')'^^^l/^- 

For each x G HLi ^L. (Cp) and ?/ G M set := {7 G PG(F) | 7(3;) = a;} and 
Ay := {(5 G A I 6{y) = y}. Since the projection X ^ X' is etale, M is the universal 
cover of each connected component of (X^)"" = [M x (P^')'^*'^'^]/A. Hence each A^^ 
projects injectively to PQ'. In particular, T^'s and Ay's are naturally embedded 
into PH(Cp) X Pg' = PH(C) x PQ'. 

The following proposition is a technical heart of the proof (compare 0, Prop. 
2.2.8]). 

Proposition 3.2. For each x G YVi=i^K^,.i'^p) there exists a (non-unique) y E M 

and for each y E M there exists a (non-unique) x E Yii=i^'Kw i^p) such that the 
subgroups F^. and Ay are conjugate in PH(C) x PQ' . In particular, the closure of 
each i{ Ay) C PH(C) is compact, and there exists y E M such that the closure j{ Ay) 
is a maximal compact torus o/PH(C). 

Proof. For each x E YVi=i ^k^. (^p) consider a point [x, 1, 1] G [HLi '^k^- ^p ^ 
(PHcJ'^" X {PgY''^]/PG{F) ^ (P^J'^". It gives us a point of P'(Cp) = P'(C). 

Therefore it corresponds to a certain point [y, h, g] E [M x (PHc)"" x (P^')*'^'^]/A = 
[PcY''. Each 7 G F^. C PH(C) xP^' fixes [x, 1, 1] G (PcJ"". Therefore its conjugate 

{h, g)-f{h, g)-^ E PH(C) x Pg' fixes [y, 1,1] E [M x (PHc)"" x {PgY''^]/A. It 
follows that {h, g)'~f{h, g)~^ belongs to Ay. The proof of the opposite direction is 
exactly the same. 

By the proven above it will suffice to show the remaining statements for the 
closures of F^'s in PH(C) = PG(P ®q C). 

As each F^^ is contained in PH(M) = PGUd(M)^, its closure is compact. Choose 
an elliptic element 7 G G(P) C D with an elliptic point x E YVi=i^K^X'^p) (^^^ 
[0 Def. 1.7.1]). (Such an element exists, since by the weak approximation theorem 
the closure of PG(P) C 111=1 PGLd(-ft'^.) contains 111=1 P^^d{K^J, and since the 
set of elliptic elements of fl[^j^ PSLd(-ft'w.) is open and non-empty (see |V|, Prop. 
1.7.3]). By [0, Lem 1.7.4], g generates a maximal commutative subfield L G D, 
invariant under a. Then T := H fl Hi/Q'^m C R/j/qG^ is a maximal Q-rational 
torus of H, and each 7 G T(Q) = G(P) fl fixes x. Moreover, one check by direct 
computation that T(Q) is the stabilizer of x in G(P). Therefore the projection 
T' C PH of T is also a maximal Q-rational torus and F^; = T'(Q). The theorem 
on the real approximation (see |Pel| , (0.4)]) now implies that the closure F^. is a 
maximal compact torus T'(]R) of PH(C). □ 
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Using the proposition, fix a point yo E M such that the closure of j'(Ayg) is a 
maximal compact torus T in PGLd(C)''. 

3.3. Let J be the closure of j'(A) C PGLd(C)'". Then Lie J is an Ad( J)-invariant 
real Lie subalgebra of Lie PGLd(C)''. Denote by Lie Jc the C-span of Lie J. As in |[V| , 
Prop. 4.5.2], the subgroup j(A) is Zariski dense in PHc, and therefore Lie Jc is an 
ideal in Lie PGLd(C)^. Since Lie Jc contains the Cartan subalgebra T := (Lie T)c of 
LiePGLd(C)'", it then has to be all of Lie PGLd(C)''. Lie algebra Lie J is invariant 
under the compact group Ad(T), hence it decomposes as 111=1 LiePGLd(C)^, 
and each J7i is either all of Lie PGLd(C) or one of its real form. Thus decomposes 
as YYi=i '^ii "where each is Jj either all of PGLd(C) or Ji(M)° for some real form Ji 
of PGLd. In both cases J° = J(]R)° for some semi-simple adjoint real group J. 

3.4. Choose a maximal compact subgroup 7'=°'"^ D T of PGLd(C)^ Equip ((Pc"^)'')° 
with a standard J'^^'^^-invariant Riemannian metric (making it a Hermitian symmet- 
ric space). Then the pull-back of this metric to M is 0~^(T)-invariant. Recall that 
Aj^Q C Aut(M) fixes Uq G M, that 0(J) is dense in J, and that (j){^y^^) is dense 
in j'[Ay^) = T. Since the isotropy group at any point of a connected Riemannian 



manifold is compact (see for example ||Kob| , II, Thm. 1.2]), we conclude that A^^ is 



compact. Hence 0(Aj,p) = T. As LieT spans all of Lie J as an Ad(j'(A))-module 
over M, the image of contains an open neighbourhood of the identity in J. There- 
fore : J — J is surjective. Using the fact that po is a local isomorphism, we see 
that J is a Lie group and that is a topological covering. 

Proposition 3.5. The stabilizer Jy C J of each point po{y) & PoiM) is compact. 
Proof. We start from the following lemma. 

Lemma 3.6. Every Cartan subgroup of J, contained in Jy, is compact. 

Proof. Suppose that the lemma is false, and let C C Jy be a non-compact Cartan 
subgroup of J. Then the set C" := {c e C : the group generated by c is not 
relatively compact in C} is a non-empty open subset of C. Set C := 0~^(C)°. Then 
C stabilizes y G M, and the subset C" := {c G C : c is regular in J and (f){g) G C'} 
is a non-empty open subset of C. Hence J' := U^^jgCg'^ is an open non-empty 



subset of J (see for example the proof of ||Kn| , Thm 7.101]). It follows that there 
exists a S belonging to A fl J'. Then by the very definition of J', 6 stabilizes some 
point on M, and the subgroup, generated by is not relatively compact in J. 



This contradicts to Proposition p.2| . □ 
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Corollary 3.7. J is a real form of (PGLd) 



Proof. By our choice of yo and by |3]^, the group J^g always contains a Cartan 
subgroup of J. Hence the lemma shows that J can not contain a factor of PGLd(C). 
This shows the statement. □ 

Now we claim that every Jy contains a Cartan subgroup of J. Notice that Jy = Jfl 
Py(C) C J(C) for some parabolic subgroup Py C Jc- Hence Jy = JnPy(C)nPy(C), 
where Py is a parabolic of Jc, complex conjugate to Py. The subgroup PyflPy C Jc 
is rational over M, and, being an intersection of two parabolics, contains a maximal 



torus of J (see PR] , Ch. II, Cor of Thm. 5]). Therefore it contains a maximal 
M-rational torus, proving the claim. 

Using the lemma, it now remains to show that Jy is reductive. We have seen that 
(Lie Jy)c contains a certain Cartan subalgebra Ty := (LieTy)c of (Lie J)c- Therefore 
it decomposes as a direct sum Ty © ©/jg^jT"^, where $ is a subset of root system 
of (Lie J)c with respect to Ty, and jT^'s are the corresponding root spaces. The 
Lie algebra Lie J is stable under the maximal compact subalgebra LieT^ of Ty, and 
therefore the complex conjugation of (Lie J)c defined by its real form Lie J maps 
J"^ to JT""^. As (Lie Jy)c is stable under this conjugation, we have /? G $ if and only 
if — /? G $, so that Jy is reductive. □ 

Take any y G M. Since Jy is compact, we may assume that Jy C J'^°^p, 
Then Jy is contained in the stabilizer J^^^ of po{y) in J^°^p , We know that 

dim po(M) = dim ((Pc"^ 5 that dim J° = dim J'=°'^p, and that 7^°"*^ acts tran- 
sitively on ((P^-i)^)'^". Therefore Jy = J^'"^^ = Ud-i(M), and the orbit J{po{y)) 
contains an open neighbourhood of Po{y). Since a point y was chosen arbitrary and 
since po{M) is connected, we see that Jq acts transitively on pq{M). Hence J acts 
transitively on M, and po : M ^ Po{M) is a topological covering. As Jy and po{M) 
are connected, J is connected as well. 

Let Jy^i C Ji be the i-th factor of Jy. As Ud-i(ffi) is a maximal connected proper 
subgroup of PGUd(M), we see by ||He| , Ch. VIII, Thm. 6.1] (considering separately 



compact and non-compact cases) that po{M) = J^ j Jy = 111=1 Jil Jy,i is a Hermitian 



symmetric space, not containing Euclidean factors. In particular, (see |Pe| , Ch. VIII, 
Thm. 4.6]) it is simply connected. Therefore po : M Po{M) and (p : J ^ J are 
isomorphisms. 

The kernel of tt : A — A is isomorphic to the fundamental group of M. Hence it 
is normal in A and discrete in Aut(M). Therefore it is central in J = J, so that it 
is trivial. This shows that A = A and M = M. 
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Recall that Ms := (A fl S)\M is a connected component of (S'\Xc)"" for each 
S G hence for a sufficiently small S the projection M — ^ Ms is a topological 

covering, Ms is smooth, and its canonical bundle is ample (see p.lO| and Remark 



p.l2| ). Therefore (see |[L4 IV, Thm. 5.3]) Ms and M are measure-hyperbolic. In 



particular, M has no compact factors. Then |[He| , Ch. VIII, Thm. 7.13] implies that 
jrf-i^r^an compact dual of M and that po is the Borel embedding. It follows 



that M = {B'^-^y and that J ^ kut{{B'^-^yf = PGUd_i,i( 

Step 3. Now we are going to determine A. Recall that A is naturally embedded 
into PGUd_i,i(M)!; X Q and that its projection to PGUd-i,i(M)^+ C PGLd(C)'^ 
coincides with j'. 

The following immediate generalization of 0, Cor. 2.2.9] plays the central role in 
this step. 

Lemma 3.8. For each 5 G A with an elliptic projection S^o € PGUd_i,i(ffi)!j_ there 
exists a representative 



S = {5^.5,J.,5fn G GUd-i,i(M); X J]/}^^ X x G(A^^^-'^'-) 

i=l 1=1 

such that the following hold: 

a) Let us view K as a subset of K i^qM. = , o/ 111=1 -^"^i of K i^p Ap^^''"'^"' 
respectively. Then the characteristic polynomials of 6oo,Sv and 6^'"" have their coef- 
ficients in K and coincide. 

h) fv and the similitudes factor of 5^'^ belong to , viewed as a subset 0/111=1 
and of {Ap^^''"'^'')^ respectively, and coincide. 

Proof. Since the arguments of the proof of 0, Prop. 2.2.8 and Cor. 2.2.9] work 
without changes in our case, we omit the proof. Alternatively, the statement can 
be proved by very similar considerations to those of Proposition p.2| , working with 
P instead of P'. □ 

As in 0, Prop. 1.6.1], A is a cocompact lattice of J(]R)° x Q. Recall that the 
projection of A to J(M)'^ is injective and that the center Z{Q) = (Aj^)^ / is 
compact. Hence the projection A' of A to J(]R)° x PQ is also a cocompact lattice, 
isomorphic to A. Now we proceed as in the proof of 0, Thm. 2.2.5]. For each finite 
set N of finite places of F and for each S G J-'{Ap^) we define a cocompact lattice 
A-^ C YVi=i Ji(lR) X YlueN PG'"*(F„) consisting of the projections of elements of A', 
whose components outside belongs to S (see |V|, 2.4.1]). 

Lemma 3.9. The lattice is irreducible (in the sense of ||Ma) , Ch. Ill, Def. 5.9]^. 
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Proof. We will prove a stronger assertion saying that for each u G {ooi, 00^} U 
the projection pr„ of A' to the w'th component is injective. If not, set A" := Ker pr„. 
Then A" is a non-trivial normal subgroup of A'. Since the projection A' —>■ J(M)° 
is dense and injective, the closure A^ of A^ C J(]R)° is a normal non-trivial closed 
subgroup of J(M)°. Therefore it is equal to IliG/ some non-empty subset 
/ C {1, Recall that the set of elliptic elements of PGUd-i,i(M)+ is open and 

non-empty (see |0, Prop. 1.7.3]). Therefore there exists an element 6 G A", whose 
projection 600^ G Ji(R)° is elliptic for alH G / and trivial for all i ^ I. In particular, 
600 fixes some point on {B'^~^Y. Proposition |3.2| and Lemma |3.8| now show that 6u 



can not be equal to 1, contradicting to our assumption. (Observe that the above 
proof is simpler than that of 0, Prop. 2.4.5].) □ 

3.10. From this point all the arguments from |[V|, 2.3-2.6] work without changes. 
First we show, as in |]^, 2.4.5-2.4.6], that by Margulis' theorem [Ma, Thm. (B), p. 



298] the subgroup A"^ is arithmetic. As in |]V], 2.3 and 2.4.6] (using Proposition p.2| ), 
we see that an absolutely simple adjoint group G, defining A"^, is defined over F and 
does not depend on N and S. We also get that A' = A is naturally embedded into 
G(F). We conclude from Lemma |3^, as in 0, 2.5.2], that G is locally isomorphic 
to PG'"* at all places of F. 

3.11. Next we show directly that G is an inner form of PG'"*. In fact, let c be 
the element of H^(Gal(F/F), Autj7'(PG'"*)) corresponding to G, and let V be the 
Dynkin diagram of PG'"*/-F. Thus our aim is to show that the image c of c in 
HHGal(F/F),Aut(P)) = Hom(Gal(F/F), Z/2Z) is trivial. Set L be the subfield 
of F of fixed elements by Ker(c). Then L is a quadratic or trivial extension of F, 
and c G H^(Gal(L/F), Aut(I^)). Let m be a finite prime of F, inert in L. Then 
Gal{L/F) = Gal{Lu/ Fu). Hence it remains to show the triviality of the image 
Cu G {Gal{Lu/ Fu) , Aut{V)) of c. Since PG'"* and G are locally isomorphic at all 
places of F, the image c„ G H^(Gal(Fu/Fu), Autp^^(PG'"*)) of c is trivial. But c„ is 
the image of c^, and we are done. 

It follows that G ^ PGlJ{D',a'), where {D',a') is a form of (D^"*, a*"*), that is 
D' is a central simple algebra over K of dimension (P, and a' is an involution of D' 
of the second kind over F. Thus we have avoided the use of the classification in |V|, 
2.5.1]. 

3.12. As in 0, 2.5.4-2.5.6], we see that G = PG'"* and that the image of the 
natural embedding A ^ = G'"*(A;(;)/Z(G'"t)(F) lies in PG'"*(F)+. Since A is 
cocompact in Q and since PG'"*(F)+ C ^ is discrete, the image of A has a finite 
index in PG'"*(F)+. 



18 



YAKOV VARSHAVSKY 



To show that these groups are isomorphic we can compare the volumes, as in 
0, 2.6], using Kottwitz's results on Tamagawa measures ||Kot| , Thm. 1] and the 



Hirzebruch proportionality principle (Proposition [A.l| ). Alternatively one can argue 
as follows. 

Let h G PG'"*(F)4. be an elliptic element, let y G {B'^~^Y be an elliptic point of 
h, and let T be the maximal (F-rational) torus of PG'"* such that T(F) fixes y and 
heT{F). Then by Proposition ^ there exist x G HLi C^p) and g G PG' such 
that ^(A n T{F))g-^ C P^ C PG(F) C PQ'. Since T is connected, the subgroup 
T{F) n A is Zariski dense in T (see Po| , Ch. V, Cor. 13.3]). Therefore the map 
1 1— s> gtg^^ defines an algebraic F-rational map from T to PG. In particular, ghg~^ 
belongs to PG(-F). Moreover, since the stabilizer of a point is an algebraic subgroup, 
ghg~^ G Px- Proposition |3.2| now shows that h E A. Since the set of elliptic elements 



of PG'"*(F)+ generates the whole group (see |[Ma] , Ch. IX, Lem. 3.3] and [0, Prop. 
1.7.3]), A ^ PG'"*(F)+. 

Step 4. The proven above implies the existence of a ^-equivariant isomorphism 
^ : (Xc)''" ^ (X™*)''". By GAGA results (compare [0 Lem. 2.2.6]) ^ gives us an 
algebraic isomorphism if : Xc ^ X^^. 

To see that (p is i?^-rational we will compare the action of the Galois group on 
the set of special points on the two sides. Fix some special point x G X*"'*(C). 
Then x corresponds to some maximal torus T C H'"* and to some element h' in the 
conjugacy class M™* of h. As in |]V|, Lem. 3.1.5], T is equal to the intersection of 
H'"* with Ri/QGm for some maximal commutative subfield L of D*"*, stable under 
a™*. Moreover, L is a CM-field, and the restriction of a™* to L is the complex 
conjugation. For each i = l,...,r the point h' G M*"* determines, as in 0, 3.1.6], 
an embedding ooj : L ^ C, extending ooj : K ^ C 

The reflex field C C of (T, h) is the subfield of the composite Lq of the fields 
ooi(L), oo.r(L) fixed elementwise by those automorphisms of Lq/Q which permute 
the oOi's. Moreover, the canonical morphism r' : R^^^Gm T (in the notation of 
|]V|, 3.1.4]) is characterized as the unique morphism such that the composition map 

° ^Lo/E ■ R-Lo/Q^Sm ^ T is given by 

r 

^'(^Lo/^(0) = n^^- '(^ws5.w(V0) e T(Q) c Lx 

i=l 

for each / G Lq , where by I we denote the complex conjugate of / (compare |V|, 
3.1.7]). 

For each i = 1, ...,r set L^. := L ®x K^-. Then L^. is a maximal commutative 



subfield of the skew field D ®kKw = . As in 2.5, each ooj defines a continuous 
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embedding 5j : L^. ^ Cp. Moreover, the composite field of the 5i(L)'s is the 
completion oi E C. Cp (compare Lemma |2.6|) . 
For each I G E^ define an element 

r{l) := (5r^(iV^„/,,(,^^)(/-^)),...,5;^(iV^„/,^(,^^)(/-^));l) 

in Ul=i X ^' C ni=i xQ' = Q- Let 6^^ : E^ ^ Gal{Ef/E,) be the Artin 
homomorphism, sending the uniformizer to the arithmetic Frobenius automorphism. 
By the definition of X*"* (see for example [0, 3.1.4, 3.1.12]), x is rational over E!^'' 
and for each / G E^ the element %^(0 G Gal(i?^''/i?„) maps x to r(Z)(x) (compare 
[[V| Prop. 3.1.9]). Since these properties (for all special points) characterize the 
weakly-canonical models, it will suffice to show that 

i) the point y := {p~^{x) G X{Cp) is rational over E!^''; 

ii) e^J^l){y) = r{l)iy) for each / G 

Let [y,g] G 111=1 -^f x ^' be a representative of y. Then [(r{y),g] 

is a representative of cr(?/) for each (not necessary continuous) a G Aut{Cp/Ey). 
As in 0, Prop. 3.2.3], we show that for each ^ = 1, ...,r there exists an embedding 
Ly,^ ^ Matd{Ku,J such that y belongs to the image of the corresponding embedding 
111=1 ®K^^ ^ riLi E, (see 1.4.4]). Then the statement follows 

from 0, Lem. 1.4.3]. This completes the proof of the First Main Theorem. 

Remark 3.13. a) Let (X*"*)' be the weakly-canonical model over E^ of the Shimura 
variety, corresponding to the same group H'"* as X*"* and to a homomorphism 
h' : Rc/rGto H'"*K defined by requirement that for each z G we have 

h{z) = ( diag(z, ^, z)-'; . ; diag(z, ...,z, z)-\ , h; hj G GUd-i,i(M)'"xGUd(M)^-^ 

r g—r 

Then (X**^*)' is a certain abelian unramified twist of X*"*. Moreover, comparing 
the action of the Galois group on the set of special points, one can check that the 
difference of the Galois actions on X™* and on (X**^*)' is given by some explicit 
homomorphism Aut(C/E^) ^ := {1} x 111= i ^^"^ x {1} c ^ = G'"*(A]^). In 
particular, the quotients ^i\X*"* and ^i\(X*"*)' (see Lemma |5.4| ) are naturally 
isomorphic (over E^). 

b) Rapoport and Zink work with (X*"*)' instead of X*"*, therefore their Shimura 
varieties are uniformized by the corresponding twist (see [|RZ2| , Prop. 6.49]) of the 
product of Drinfeld upper half-spaces, and [[RZ2| , Thm. 6.50] follows from our First 
Main Theorem by twisting. 
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Step 5. We have already shown in the second and the third steps that the 
homomorphism f : PG'"*(F)+ ^ PGLd(C)'' = HLi PG'^^l/^ssJ is a diagonal 
embedding. Arguing as in [0, 4.6.2-4.6.4 and 4.5.5] we show that this holds for the 
whole j. For the descent to Ey we use the uniqueness arguments of 0, 4.7]. This 
completes the proof of the Second Main Theorem. 

Corollary 3.14. Let Xr be a projective scheme over a p-adic field L such that 
Xp" = r\ J^^^j^ L for p-adic suhfields Li,...,Lr of L, a natural number 



d > 2, and a torsion-free cocompact lattice T C ]^^^-^ PGLd(i^j) (see Lemma 
Then for each field embedding L > C the universal cover of (Xr,c)"" {B'^^^Y . 

Proof. For curves (r = 1 and d = 2) the statement follows from the fact that Xp is 
a smooth curve of genus greater then 1 (see | Mum| , Thm. 3.3]). 



In the remaining cases, the rank of ]^[^^ PGLd(-ft"u,J is r{d — 1) > 2. If F is 
irreducible, then it is arithmetic by [[Ma| , Thm. (A), p. 298]. Therefore there 
exists a number field F, an adjoint absolutely simple group G' over F, and fi- 
nite primes Vi,...,Vr of F such that G'{Fy.) = PGLd(i^i) for each i = l,...,r, 
the group G'(Foo-) is compact for each archimedean completion Foo^ of F, and F 
is commensurable with G'(F) nS G YVi=iG'{Fy.) = HLi PGLd(i^«, ) for every 
S G .F(G'(Af-'-'-)). Since the universal cover of (Xr,c)'^" does not change after 
replacement of F by another torsion-free subgroup of Y[l=i PGLd(-ft'«)J, commensu- 
rable with F, we may assume that F = G'{F) fl 5* for a sufficiently small S. Now we 
can apply the first two steps of the proof of the Main Theorems (using G' instead of 
G to conclude that (^r,c)"" — ^s\{B'^~^T for some torsion- free cocompact lattice 
As C PGUd-i,i(IR)!|_. This proves the statement for irreducible F's. 

If F is reducible, then possibly replacing F by a subgroup of finite index we may 
assume that there exists a non-trivial proper subset / C {1, ■■■,r} and torsion-free 
cocompact lattices Fi C HiG/ -PGLd(-R'wJ and F2 C Ylifi^^^diKy^.) such that 
F = Fl X F2. Then F\ UU K L = (FA U.ei K L) x (F^ R.^/ L), 
and the statement follows from the previous cases by induction on the number of 
factors. □ 



Remark 3.15. Observe that the proof uses neither the classification of algebraic 
groups nor of Hermitian symmetric domains. 

Remark 3.16. We know that the canonical bundle of Xr is ample (Lemma p. 9| ) and 
that the Chern numbers of Xr are proportional to those of [F'^~^Y (see Proposition 
A.lp . Therefore in the case r = 1 the corollary follows immediately from Yau's 
theorem ( |[Yal|| ). 
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Remark 3.17. The proof shows that for arithmetic T's the corollary is a direct 
consequence of the results of the Step 2. Conversely, the arguments of 0, proof of 
Prop. 1.6.1] show that the corollary implies that M = {B'^~^Y. In particular, in the 
case r = 1 the differential geometric part of the First Main Theorem immediately 
follows from Yau's Theorem. 

4. Another approach 

In this section we give another approach to the differential-geometric part of the 
proof of the First Main Theorem. Using Yau's theorem on the existence and the 
uniqueness of the Kahler-Einstein metric, (but not appealing to principal bundles 
and to the structure theory of reductive groups) we will show directly that (in the 
notation of Step 1 of Section 3) M is a Hermitian symmetric domain. Here we use 



the ideas from Milne's unpublished manuscript ||Mi2 



Lemma 4.1. There exists a A-invariant Kdhler metric g on M. 



Proof. Recall the following theorem of Yau (see |[ya2| , Thm. 5]). Let ^ be a smooth 
complex projective variety whose canonical bundle is ample. Then there exists a 
unique Kahler metric gv on V"'"', called the Kahler-Einstein metric, whose Ricci 
tensor satisfies Ric{gv) = —gv (notice that the sign of Yau's Ricci tensor differs 
from the standard one). 

We are going to apply this theorem to Ms := (A fl S)\M for sufficiently small 
S G (see the last paragraph of Step 2 of Section 3). 

Let gs be the Kahler-Einstein metric on Ms, and let g(^s) be its inverse image 
on M. Since Kahler-Einstein metric is unique we conclude that g := g^s) does not 
depend on S and that it is A-invariant. 

□ 

Since (M, g) is a Kahler manifold, the group Is(M, g) of its isometries is a Lie 
group (see [ [Kob| , II, Thm. 1.2]). Since g is A-invariant, A is contained in Is(M, ^f), 
therefore its closure G is a Lie subgroup of ls{M,g). Notice also that G is also 
contained in Aut(M). For each y G M we denote the stabilizers of y in A and in G 
by Ay and Gy respectively. 

Lemma 4.2. There exist a point y E M and an element 5 E Gy of order A, inducing 
the multiplication by on Ty{M). 

Proof (Compare the proof of Proposition |J). Let x e HLi ^i^i'Cp) C F'^-\CpY 
be an elliptic point for the action of PG(F). Then the point [x, 1] G [111=1 ^ir^,- 

X {Pg'Y'"']/PG{F) ^ (X')"" corresponds to a certain point z G X'(Cp) = X'(C) 
and thethefore to a point [y,g] G [M x {Pg'Y''"']/A = (X^)""". Therefore the map 
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6 g6g ^ defines an isomorphism between A^^ and the stabilizer C PG(F) C 
Pg' of X. Now we identify C = Cp-vector spaces Ty{M) and T^OP^'^Y = T^OPfr^Y 
via the sequence of canonical isomorphisms 

r 

Then the above isomorphism Ay ^ commutes with embeddings Ay > Aut (Ty(M)) 
and Tx ^ Aut(Tj(P^~^)^), hence it extends by continuity to the isomorphism be- 
tween the closures A^ C Aut(Ty(M)) and F^. C Aut(Ti.(P^~^)^)- Since these closures 
are naturally isomorphic to the closures in G and in PH(M) respectively, it remains 
to show the existence of an element in F^, C PH(M) = PGUd(IR)^, which has order 
4 and induces the multiplication by V— 1 on T^i^'^'^Y ■ is a maximal compact 

torus of PGUd(M)'' (see the last paragraph of the proof of Proposition |3.2|) , this is 
clear. □ 



Proposition 4.3. M is a Hermitian symmetric domain. 

Proof. First we show that G acts transitively on M. Let y G M be as in the lemma, 
and let be the orbit Gy. Consider the map ipy : ls{M,g) — > M; 6 H-i> 6{y). 
By [[Kob| , p. 41], it factors as a composition of a closed embedding of ls{M,g) into 



the bundle 0{M) of orthogonal frames over M and the projection of 0{M) to M. 
This shows that ipy is proper, therefore A^ is closed in M. By fH^ , II, Thm. 3.2 
and 4.2], A^ = G/Gy then has a canonical structure of a G-equivariant closed real 
submanifold of M. In particular, its tangent space Ty{N) C Ty{M) is invariant under 
the action of Gy. By Lemma |4.2| it then invariant under the multiplication by 
Since the group G acts on A^ transitively, A^ is an almost complex submanifold 
of the complex manifold M. Therefore A^ has a unique G-invariant structure of 
a closed complex submanifold of M (see [p^ , Ch. VIII, Thm. 1.2 and p. 284]). 



Therefore A^ := [A^ x ^'^**^]/A is a ^-invariant closed (complex) analytic subspace 
of (Xc)''" ^ [M X g'''"']/A. 

Lemma 4.4. There exists a closed Q -invariant subscheme Y of Xc such that Y"'"' = 
N. 

Proof Take an ^ G J^(^). Then the quotient map tcsJ (Xc)""" ^ (5\Xc)"" is 
open and N is ^-invariant. Therefore the quotient tts{N) = S\[N x Q'^^-'^'^]/A is a 
closed analytic subspace of {S\XcY"'- The scheme S\Xc is projective, hence by 
GAGA (see for example [0, Cor. 1.2.2]) there exists a projective subscheme Ys of 
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S\Xc such that Y^"" ^ ^\[A^ x g'^''^]/A. The inverse hmit of the F^'s satisfies the 
conditions of the lemma. □ 

Since every ^-orbit in Xc is Zariski dense (as in 0, Prop. 1.5.3 e)]), we obtain 
that Y = Xq. Hence N = M, so that G acts transitively on M, as claimed. 

Let 5 G G be as in Lemma |4.2| . Then for each z = g{y) E M with g E G we 
have an involutive holomorphic isometry g6'^g'^ of M with an isolated fixed point 
z. This means that M is a Hermitian symmetric space. Moreover, as in Step 2 of 
Section 3 we see that M is actually a Hermitian symmetric domain. □ 

Remark 4.5. Knowing the proposition one can obtain an alternative proof of the 
results of Step 2 of Section 3. For shoing this one can simply procceed along the lines 
of the above mentioned step, which would be much easier assuming the proposition. 
Alternatively, one can apply Margulis' superrigidity theorem (as in [|V|, 4.6]). 

5. The case of quaternion Shimura varieties 

In this section we deduce a p-adic uniformization of quaternion Shimura varieties 
from the unitary case (compare |PZ|| , where the moduli approach (see |Pel| , §6]) is 
used) . 

5.1. Let F be a totally real number field of degree g over Q, let ooi, cxo^ be the 
archimedean completions of F, and let 1 < r < be a natural number. Let D*"* 
be a quaternion algebra over F, split at ooi,...,oOr and ramified at oor+i, oog. 
Let G'"* = GLi(D*"*) be the algebraic group over F, characterized by G'"*(i?) = 
(D*"* (g)F Rr for each F-algebra R, and set H'"* := R^^/qG'"*. 

Define a homomorphism h : Rc/igGm — * H'"*ir by requiring for each z = x + iy E 



r g—r 

where EI denotes the field of Hamilton's quaternions. Then M*"*, the H'"*(]R)- 
conjugacy class of is isomorphic to \f . The refiex field -E C C of (H'"*,M*"*) is 
the subfield of the composite Fq of the fields ooi(F), oOr{F) fixed elementwise by 
those automorphisms of -Fo/Q, which permute the ooj's {i = 1, ■■■,r). 

Let f be a finite prime of E, and let vi, ...,Vr be the finite primes of F, corre- 
sponding to ooi, oOj. as in |2.5|. Assume that the fj's are distinct and that D*"* 



is ramified at vi, ...,Vr- Then, as in Lemma |2.6| , we see that for each i = 1, ...,r we 
have a natural embedding : F^- ^ E^ and that E^ is the composite field of the 
aj(F„.)'s. Assume that the fj's are distinct and that Z)*""* is ramified at vi, ...,Vr- 
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Let X*"* be the weakly-canonical model over of the Shimura variety corre- 
sponding to (H'"*,M*"*). Let M*"* be the Grassmann variety corresponding to 
the pair (H'"*,M*"*), and let VT*"* be a PH^^-equivariant vector bundle on M]£*. 
Let P*"* (resp. V^*"* = be the canonical model of the standard PH^*- 

principal bundle over X*"* (resp. the automorphic vector bundle on X*"^* corre- 
sponding to . 

5.2. Let D be the quaternion algebra over F ramified at ooi, oor, split at vi, ...,Vr, 
and locally isomorphic to Z)™* at all other places of F. Notice that D is definite. 

Define algebraic groups G and H by G := GLi(D) and H := Rp^/qG. For each 
i = fix a quaternion division algebra Dy. over Fy^. Set g' := G(A];'"^'-'"'-) 

and ^ : = HLi x G'- Fix algebra isomorphisms D®FFy^ = Mata (F^, ) , 1)'"* ® f 
^ and D ®f Af''^ = D*"* ®f Aj!,•''^'•••'''^ They induce isomorphisms 
G{k^p) ^ ni=i^L2(F^J X Q' and G'"*(Aj;) = g. We will often identify the groups 
G'"*(A]^) and ^ by means of the last isomorphism. 

Let X be a scheme over E^ with a ^-action such that for each S G J^{Q) the 
quotient S\X is projective and satisfies 

r 

(5\X)«" = S\[\[T.l^^ Ey X g']/G{F) 

1=1 

(compare Proposition ^]8| and [|V|, Prop. L5.2]). Let P (resp. l^) be the PHe^- 
principal (resp. the automorphic vector) bundle over X defined as in p. 15 . 

Theorem 5.3. There exists a Q-equivariant isomorphism : X ^ X*"*. Moreover, 
y9 /z/is to Q-equivariant isomorphisms 

a) ipv '■ V ^ o/ automorphic vector bundles and 

h) Lfp : P*"' ^ P*"* of PH^^^ -principal bundles. 

Proof. The theorem can be proved exactly by the same argument as the Main The- 
orems. In fact, the proof would be much easier technically. Instead we will embed 
our schemes into certain quotients of the corresponding schemes in the unitary case 
and will deduce the theorem from the Main Theorems. 

First we define the corresponding objects in the unitary case. Let K he a totally 
imaginary quadratic extension of F in which all Vi, ...,Vr split. Then for each i = 
l,...,r we can and do identify F^- (resp. Dy.) with K^. (resp. D^.), defined as in 
Section 2. As a consequence, the field Ey has the same meaning, as in Section 2. 
Define the involution of the second kind a (resp. a*"*) on D^pK (resp. D^^^®fK), 
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as the tensor product of the main involution of D (resp. Z)*"*) and the conjugation 
of K over F. 

Without further mention we will write all objects in the unitary case, defined from 
the above data as in Section 2, with an upper subscript meaning "unitary". For 
example, we write G"" for G\]{D ®f K, a) and (G^"*)"" for GU(D*"* ®f K, a^"*). 
Then the above algebra isomorphisms identify, as in with (G^"*)""(A]^). 

Define a subgroup Qi C ^™ = (G'"*)""(A]^) as in Remark |37[3| . 



The diagonal embeddings G ^ G"" and G'"* ^^Qint^un ^^gg^e us embeddings 

r r 

g = l[D:;^x G(A^^^^--'"-) ^ n^-. ^ G^^iAi;^''-'"^) = g,\g^^ and 

i=l i=l 

G'"*(A^) (G^"*)""(A;^) ^ 6;i\(G'"*)""(A^), 
commuting with the above identifications. 

The following lemma and its obvious analogs will assure the existence of the 
quotients, used below. 

Lemma 5.4. For each closed subgroup H C Z{Q^"') the quotient scheme H\X^"' 
exists. 

Proof, (ompare |V|, Lem. 1.3.11 c) and Prop. 1.5.3 c)]). In the notation of Step 1 of 
Section 3, the group = is compact. Hence for each S E 

the subgroup H ■ S of Q^^ is open and compact modulo ^g". Since ^^ts trivially 
on X™, each quotient (if ■ S')\X""' exists, and their inverse limit is □ 

Next we notice that the natural equivariant embeddings 

r r 

[ns|„^ X G(A{-'-'-)]/G(F) ^ [JISL, X G"'^(A{---'-)]/G""(F) and 

i=l i=l 

[()" X G'"*(A^)]/G'"*(F) ^ [{j" X (^i\(G'"*)""(A];))]/(G'"*)""(F) 

define by GAGA equivariant embeddings X ^ ^i\X™ and i : X^"* ^ ^i\(X™*)^". 

To show that i is £'^-rational we observe that the natural embedding H'"* ^ 
(H'"*)"" maps homomorphism h to the conjugate of (/i™)' (in the notation of Re- 
mark ^TT^). Therefore the natural embedding X*"* ^ (^(^j^mt^uny _E^-rational (see 
Pel| , Cor. 5.4]). Dividing by Qi we get our statement from Remark p.l3| . (Alterna- 



tively one can check it directly by calculating the action of the Galois group on the 
set of special points (as in Step 4 of Section 3, where the unitary case is treated). 

Next we observe that after dividing by the center we have PG = PG"" and 
pQint ^ p^Qint-jun^ implying that the above embeddings of schemes induce isomor- 
phisms Z{g)\X ^ Z(^"")\X"" andZ(G'"*(A;^))\X^"* ^ Z((G'"*)""(A;^))\(X^"*)"". 
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Let (y?"" : X"" (^^int^tm ^ ^""-equivariant isomorphism as in the First Main 
Theorem. It gives us a ^i\^""-equivariant isomorphism (p := Qi\y:>^"' : ^i\X"" ^ 
Fix an X G X C ^i\X"". As it was explained above, there exists 
g G such that gif{x) G X*"* C g^Al^*"*)""- Hence maps the ^-orbit 

of X into X*"*. Since each G'"*(A]^)(= ^)-orbit is Zariski dense in both X and 
j^mt ^ggg |-|y|^ Prop. 1.3.8 and 1.5.3]), gi^ restricts to a ^-equivariant isomorphism 

: X — i> X**^*. The existence of the hftings ipv and 9?p is now an immediate 
consequence of the Second Main Theorem. □ 

6. On the generality of our results 

In this section we will show that the Shimura varieties treated in this paper are the 
most general one (up to a central modification) which can be p-adically uniformized 
by the product of Drinfeld upper half-spaces. 

Let H be a reductive group over Q, and let M be a conjugacy class of homo- 
morphisms Rc/rGto, Hr satisfying Deligne's axioms. Let £" C C be the re- 
flex field of (H, M) and let v' be a finite prime of E'. Let X' be the canonical 
model of the Shimura variety corresponding to (H, M). Suppose that there exists 
T G ^(H(A'^)) such that the projection X' T\X' is etale and that some con- 
nected component of (T\X' E'^iY"^ is a finite etale cover of an analytic space of 
the form r\ HLi ®Ei E'^' for some p-adic subfields Ei, ...,Er of E'^,, some nat- 
ural number d > 2, and some irreducible arithmetic torsion- free cocompact lattice 
r C nLi PGLd(^i) (compare Remark pl2D . Recall that when r{d - 1) > 2, that 
is in all cases except for curves, the arithmeticity follows from the irreducibility. 

Claim 6.1. PH is isomorphic to the group Rf/qPGU(D*"*, a*"*) for some F , _D*"* 
and a*"* satisfying the assumptions of Section ||. 

Proof. Since F is arithmetic, there exist F, G' and f i, as in the proof of Corol- 
lary |3]1^. In particular, G' is a form of PGLd, F is totally real, and each Gp^ is 
isomorphic to PGUd, the unique M-unisotropic form of PGLd. 

Moreover, by the classification of simple algebraic groups (see |0), G' = PGU(D, a) 
for some central simple algebra D of dimension over a totally imaginary quadratic 
extension K over F and some involution of the second kind a oi D over F. Since 
Gp = PGLd for each i = 1, the Vj's split in K, and D splits at each prime 
Wi of K lying over t>j. Hence D and a satisfy the assumptions of Section |^. 

Let and a*"* correspond to D and a, as in Section ^ and set (G')'"* : = 
PGU(D*"'*, a*"*). Our assumptions together with the First Main Theorem imply 
that {B'^^^Y is the universal cover of some connected component X^ of (T\X' 
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C)"". Furthermore, the fundamental group Fi of Xj, is commensurable with F2 : = 
(G')'"*(F)+ nS C PGUd-j,i(M)'- for every S G JP((G')'"*(Aj;)). In particular, the 
arithmetic lattice Fi C PH(M) is irreducible. By Deligne's assumption, PH has 
no Q-rational M-unisotropic factors, so it is Q-simple. Hence there exists a number 
field F' and an adjoint absolutely simple group G over F' such that PH = Ri?'/QG. 

Notice now that Fi and F2 are Zariski dense in G and (G')'"* respectively (see 
[Ma| , I, Prop. 3.2.10]). Since Fi and F2 are commensurable, we therefore see that 



F' = F (using VIII, Prop. 3.22]) and that G ^ (G')'"* (using [^, I, 0.11]). 



Hence PH = Rp/ofG')'"*, as claimed. □ 



Appendix A. The Hirzebruch proportionality principle 
The following proposition generalizes ||Ku|, Thm. 2.2.8]. 



Proposition A.l. Let Xr be a projective scheme over a p-adic field L such that 
Xp" = F\ fl^^j^ L for p-adic suhfields Li,...,L,. of L, a natural number 



d > 2, and a torsion-free cocompact lattice F C J^^^-^ PGLd(-^vj) (see Lemma 
Then for any positive integers ii, ...,ii such that ii + ... + ii = r{d — 1) we have 
Ci-^...Ci^(T{X^)) = Xe(X) ■ Cii...Cj, (T(P'^~^)'"), where by Ci^...Ci^ we denote the corre- 
sponding Chern number, and by Xe{^) the Euler-Poincare characteristic ofV. 

Proof. The proof is essentially the same as that of Kurihara, so we will content 
ourselves with a brief sketch. In addition we give a proof of a key lemma which 
Kurihara merely states. 

Let R and k = be the ring of integers and the residue field of L respectively. 

Lemma A. 2. (^[ [Ku] , Lem. 4.6. l]j Let Y he a flat projective scheme over R which is 
locally a complete intersection over R of relative dimension n. Then for any positive 
integers ii, ...,ii such that ii -\- ... -\- ii = n we have 

(A.l) Ci,...CiXTY,/L) = length{OYo,e)ci,...CiXi*E{TYo/K)), 

E 

where (resp. Yq) is the generic (resp. the special) fiber of Y , E runs over 
irreducible components ofY^, e denotes the generic point of E, ie denotes the closed 
immersion E Yq, and Ty,^/l (resp. Ty^jK) denotes the virtual tangent bundle of 
Y^jL (resp. ofY^/K). 

The virtual tangent bundle of a locally complete intersection morphism Zi Z2 
is a certain element in the Grothendieck group K^{Zi) of vector bundles on Zi 
defined for example in [0, App. B.7.6]. 
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Proof. Let i : Spec k Spec R and j : Spec L Spec R be the natural closed 
regular and open embeddings respectively. Let Ty/R be the virtual tangent bundle 
of Y/R. Then Ty^/L = j*Ty/R and Ty^/^ = i*Ty/ji. Therefore for the proof of the 
lemma it will suffice to show that for any / classes Fi, ...,Fi G K^{Y) we have 



c,,(j*Fi)...Q,(j*F;) =^length(0 



Yo,e) 



(rFO)...c,(4(rF0). 



Since Grothendieck group is generated by vector bundles we may suppose that 
all the Fj's are vector bundles. We will use the notation and results from ||Fu|] . 

Recall that the the map j* from cycles on Y to cycles on is surjective and that 
the specialization map a from cycles on to cycles on Yq defined by cr(j*/3) := 
is well-defined (see [[F^, 20.3]). Then a[Yr,] = [Yq] = length(Oyo,e)(«E)4^] and 
deg((T(a)) = deg(a) for each 0-cycle a on F^. Moreover, by the commutativity of 
Chern classes with Gysin maps ([Fu, Prop. 6.3]) and with a fiat pull-back 
Thm. 3.2. (d)]) we obtain that 

a{cm{fF)na)=a{cUfF)nf/3)=a{f{cm{F)nP)) = 

= i-{c^{F) n /?) = c^{i*F n i-i3) = Cmi^F n a(«)) 

for each vector bundle F on Y, each cycle a = j*{f3) on and each m G N. By 
induction this implies that for any I vector bundles Fi, ...,Fi on Y we have 

a{ci, (j*Fi) n ... HQ, ifFi) n [Y^]) = length(Oy„,e)cn (^Fi) n ... Hq, (fFi) H {tE)*[F] • 



Using the projection formula ||F^, Thm. 3.2(c)] and taking degrees of both sides, 
we obtain the required equality. □ 

In our case, X-p is a generic fiber of a scheme Xp satisfying the condition of 
the lemma (see ||Mus| , App. 1]). Each two irreducible components of the special 
fiber Xr,o have isomorphic neighborhoods, which are moreover isomorphic to the 
product of r neighborhoods of components in the case of one factor. Therefore all 
the summands from the right hand side of ( |A.1| ) are equal. Using |]Se|, Thm. 7] we 
see that the number of irreducible components in Xr,o is 

;i-g)(l-g2).....(i_gd-i)) Xe{T), 

hence to prove the proposition it remains to show that 

d 



c.,...c,(T(P' 



d-l\r\ 



;i-g)(l-g2 



(^£;(^Xr,o/F,))- 
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By the multiplicativity of Chern classes this follows from the the corresponding 
formula |[Ku| , (4.6.3)] in the case of one factor. □ 

Remark A. 3. The proposition can be considered as a numerical evidence for the 
First Main Theorem in two different ways: 

1) It gives evidence (using the classical Hirzebruch proportionality |H]]) for Corol- 
lary |3.14| and thus to the results of Step 2 of section 3 (see Remark |3.17|) . Moreover 



in the case r = 1 it actually implies them (see Remark p.l6| ). 



2) Using the proposition one can show (by the arguments of |V], 2.6]) that the 
volumes (=top Chern classes) of Shimura variety and of the corresponding p-adically 
uniformized variety are equal. 
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